For classical many-body systems, our recent study reveals that expectation value of internal energy, structure, and free energy can be well characterized by a single specially-selected microscopic structure. This finding relies on the fact that configurational density of states (CDOS) for typical classical system before applying interatomic interaction can be well characterized by multidimensional gaussian distribution. Although gaussian distribution is an well-known and widely-used function in diverse fields, it is quantitatively unclear why the CDOS takes gaussian when system size gets large, even for projected CDOS onto a single chosen coordination. Here we demonstrate that for equiatomic binary system, one-dimensional CDOS along coordination of pair correlation can be reasonably described by gaussian distribution under an appropriate condition, whose deviation from real CDOS mainly reflects the existence of triplet closed link consisting of the pair figure considered. The present result thus significantly makes advance in analytic determination of the special microscopic states to characterized macroscopic physical property in equilibrium state.
I. INTRODUCTION
For classical many-body system where internal energy is the sum of kinetic and potential energy, physical quantity (especially, dynamical variables) in equilibrium state can be obtained through thermodynamic average (the so-called canonical average), which includes summation taken over all microscopic states at provided composition on phase space. Since number of possible microscopic states astronominally increases with increase of system size, direct evaluation macroscopic physical property from the thermodynamic average is far from practical. To avoid such problem, several theoretical approaches have been amply developed to effectively sample important microscopic states to estimate dynamical variables, including Metropolis algorism, entropic sampling and WangLandau sampling. [1] [2] [3] [4] Whereas physical quantities in equilibrium state can be reasonablly predicted by the existing theoretical approaches, a set of microscopic state to dominantly characterize equilibrium properties is generally unknown a priori, without providing information about many-body interactions or temperature. This is a natural outcome because probability to find a chosen microscopic state i is proportional to Boltzmann factor, exp (−β E i ).
Despite these facts, we recently find a special set of microscopic structure (called "projection state: PS") constructed independently of information about many-body interaction and temperature, where their physical quantity can well characterize equilibrium properties including internal energy and macroscopic structure. 5, 6 This finding relies on the fact that configurational density of states (CDOS) before applying many-body interaction to the system is well-characterized by multidimensional gaussian when system size gets large. 7, 8 In our previous study, although condition of structure for PS is explicitly provided, analytical expression of the structure of PS on practical lattice remains unclear: The PS has been constructed based on the numerical simulation with special random sampling on configuration space. Therefore, in order to overcome such problem, we should clarify the quantitative landscape of CDOS for large systems. So far, it is not quantitatively clear why even one-dimensional CDOS along chosen coordination of pair correlation can be characterized by a gaussian-like distribution for typical periodic lattice.
In the present study, we provide analytical expression of one-dimensional CDOS along selected pair figure on equiatomic binary system, by clarifying system-size dependence of any given moment of the CDOS. We demonstrate the validity of the derived expression by comparing the moment of CDOS obtained by numerical simulation for representative periodic lattices.
II. DERIVATION AND APPLICATIONS
Recently, we reveal analytical expression for composition dependence of 2nd order moment of CDOS for pair correlation on provided lattice. In that study, we employ generalized Ising model 9 (GIM) to quantitatively describe microscopic structure (i.e., atomic arrangement) on lattice, whose occupation at lattice site i by A (B) element is given by the so-called spin variable, σ i = +1 (−1). Briefly, correlation for microscopic structure σ along chosen pair m in GIM is given by
where · m,lattice denotes taking linear average over all symmetry-equivalent pair to m on given lattice. With these preparations, we here extend our previous derivation for 2nd order moment of CDOS to any higher-order moment. In the same way to our previous approach, we start from rewriting pair correlation of Eq. (1) as
where D m and N denotes number of pair m per site and number of lattice points in the system, respectively, and summation is taken over all lattice points. g m (i, k) takes 1 (0) if site i and k forms pair m (for otherwise). Based on Eq. (2), r-th order moment of the CDOS along pair m can be given by
where · σ represents taking linear average over possible microscopic structure on given lattice. We have shown that at equiatomic composition, linear average of four spin product σ p 1 σ p 2 σ p 3 σ p 4 σ can be treated by taking product over independently occupied spin variables depending only on composition, i.e., x = 0.5: Based on the idea, we have successfully provide composition dependence of 2nd order moment of CDOS for given pair. Not only in terms of considering the landscape of CDOS, but also of statistical independence of CDOS, treating multisite spin product as product of independent-occupation: Our previous study showed that density of eigenvalues for covariance matrix of practical CDOS at equiatomic composition become numerically identical to that obtained from random matrix with gaussian orthogonal ensemble, where each element of the matrix independently takes normal random numbers, which directly means that for large systems, global landscape of CDOS become close to the DOS with independently-occupied random states. When we extend the idea to higher-order moment, non-zero contribution to µ r from 2r-spin product, σ p 1 σ p 2 · · · σ p 2r σ , should always consists of even-times spin product for all constituent lattice points included in a set of {p 1 , p 2 , · · · , p 2r }, which naturally comes from symmetric definition of spin variable σ = ±1. For instance, when we estimate third order moment, six-spin product should be considered. Figure 1 shows the possible combination of six-spin products σ i σ k σ p σ q σ t σ u , where lattice points connected with vertical broken line denotes that they corresponds to the same lattice point: e.g., in Fig. 1 (a) , i = t, k = p and q = u, and in (b), i = p = t and k = q = u. Among the six combinations, only (a) has non-zero contribution to µ 3 , since other five contains at least one odd-times spin product in the same lattice point. For instance, (c) has one even-time product at p and t, while it has two odd-time products at i, q u and k. With this approach, we can significantly decrease the number of terms considered in Eq. (3). However, when order of moment r goes infinity, the number of terms with non-zero contribution to µ r diverges. Therefore, additional strategy should be required to quantitatively determine µ r for any given order. When we consider thermodynamic limit of N → ∞, terms containing maximum power of N in the summation ∑ p 1 ,p 2 ∑ p 3 ,p 4 · · · ∑ p 2r−1 ,p 2r only contributes to µ r , since maximum power of N in the summation for r-order moment is always less than r. Based on the idea in Fig. 1 , such maximum contributions can be straightforwardly illustrated, for even-and odd-order moment as shown in Fig. 2 . As shown, maximum contributions to each moment should be composed of (n − 1) two-pairs whose individual lattice point is the same (connected by dashed lines), and a single three-pairs (for odd moment) or a single two-pairs (for even moment). It is obvious that any other combinations of pairs always results in contribution of lower power of N to the moment. Note that open circles that do not connected by dashed lines within the figure always correspond to different lattice point in the system. Therefore, when the system size N gets large, moments for CDOS can be explicitly given by
where µ α 2 and µ 3 · µ (α−1) 2 for even-and odd-order moment in the equation respectively comes from the maximum contribution of Fig. 2 , and the rest terms of (2α − 1)!! and 2α+1 C 3 ·(2α − 3)!! corresponds to the number of possible permutations to assign constituent pairs to the figure for maximum contribution of Fig. 2 . It has been shown 10,11 that µ 2 = (D m N) −1 at equiatomic composition. Thus, we here 
From Figs. 1 and 2 , non-zero, maximum contribution to µ 3 corresponds to the Fig. 1 (a) , thereby
where in the numerator of the first equation, 2D m N corresponds to the number of ways to choose the first pair among three (e.g., i − k pair), 4 · 2 to the possible permutation of lattice points for the rest two pairs in the considered figure (i.e., Fig. 1 (a) ), and M m denotes the number of triples consisting of three m-th pairs where one of the three pair is kept fixed. Using Eqs. (4) and (6), we can get final expression for the moments of CDOS for m-th pair, namely
From Eq. (7), we can provide relationships between different order of moments by the following reccurence formula:
It is now clear that the first equation of Eq. (8) is identical to the relationship of even-order moment for single-variate gaussian. Therefore, when all the odd-order moments are zero for chosen pair m, it is reasonable that the corresponding CDOS for large systems can be characterized by the gaussian. Such condition is satisfied when M m takes zero, i.e., there is no triplet consisting of three symmetry-equivalent m-th pairs on given lattice. For instance, 1NN pair on fcc lattice have M m = 4, while 2NN have M m = 0. Finally, in order to demonstrate the validity of the derived analytical expression of the moments in Eq. (7), we perform Monte Carlo (MC) simulation for equiatomic binary system along 1NN on fcc and 1NN and 2NN pair on bcc lattices, where possible microscopic structures are uniformely sampled without any statistical weight. Based on the simulation, we estimate from third-to eight-order moment as a function of number of lattice points in the system, N. The results are compared with the derived expression of Eq. (7), as shown in Fig. 3 . Note that pairs that have M m = 0 are excluded in Fig. 3 , since theorical prediction always show Nindependence, while numerical simulation should always exhibit N dependence. We can clearly see the excellent agreement of N-dependence of all the moments shown, indicating that the present theoretical approach can reasonably capture the landscape of CDOS in terms of simple geometric information of coordination number, number of specially-selected triplets and of the system size.
III. CONCLUSIONS
For classical discrete systems at equiatomic composition, we propose analytical expression of any-order moments of configurational density of states (CDOS) for non-interacting system. Validity of the derived expression is demonstrated by comparing the moments obtained by numerical simulation as a function of the system size. We confirm that for large systems, landscape of CDOS can be reasonablly characterized by simple geometric information such as coordination number, number of specially-selected triplets and of the system size.
